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Abstract. The semi-classical data attached to stacks of algebroids in the sense of Kashi- 
wara and Kontsevich are Maurer-Cartan elements on complex manifolds, which we call ex- 
tended Poisson structures as they generalize holomorphic Poisson structures. A canonical Lie 
algebroid is associated to each Maurer-Cartan element. We study the geometry underlying 
these Maurer-Cartan elements in the light of Lie algebroid theory. In particular, we extend 
Lichnerowicz-Poisson cohomology and Koszul-Brylinski homology to the realm of extended 
Poisson manifolds; we establish a sufficient criterion for these to be finite dimensional; we 
describe how homology and cohomology are related through the Evens-Lu-Weinstein duality 
module; and we describe a duality on Koszul-Brylinski homology, which generalizes the Serre 
duality of Dolbeault cohomology. 
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1. Introduction 



Due to their close connection to mirror symmetry, noncommutative deformations of complex 
manifolds have recently generated increasing interest . Kashiwara-Kontsevich's stacks of 
algebroids are one way of substantiating the abstract concept of quantum complex manifolds 
(or noncommutative deformations of complex manifolds) [niEllISHIHlEniES] • The quantization 
of the sheaf of holomorphic functions Ox of a complex manifold X may no longer produce a 
sheaf of algebras but, instead, lead to a nonabelian gerbe over the complex manifold X [^IM] 
or, in Kontsevich's terminology, a stack of algebroids. Roughly speaking, an algebroid d 
la Kontsevich consists of an open cover {f/j}jg/ of the complex manifold X, a sheaf of 
associative unital algebras ^ on each Ui, an isomorphism of algebras Qij : ^jlu^j ~^ 
for each nonempty intersection ?7jj, and an invertible element aj^fc G r{Uijk, ^i^) for each 
triple intersection Uijk- The isomorphisms Qij do not satisfy the usual cocycle condition. 
Instead, the equations gij o gjj^ o gj^^ = Ad^-i are satisfied as well as other compatibility 

conditions (among which a "tetrahedron equation"). In the terminology of [23], an algebroid 
d la Kontsevich would be described as an extension of a Cech groupoid by algebras. A stack of 
algebroids can be thought of as a Morita equivalence class (see [2S]) of algebroids. A canonical 
abelian category of coherent sheaves can be defined on a quantum complex manifold using 
its stack of algebroids description [TBHTSt l^U] . 

It is well known that the semi-classical data attached to quantum real manifolds (i.e. star- 
algebras) are Poisson structures [HE]- The cotangent bundle of a real Poisson manifold (M, vr) 
is endowed with a canonical Lie algebroid structure denoted by (T*M)^. This Lie algebroid 
structure plays a central role in Poisson geometry. For instance, the Lichnerowicz-Poisson 
cohomology is simply the Lie algebroid cohomology of (T*M)^ with trivial coefficients. Evens- 
Lu-Weinstein discovered a procedure for constructing a canonical module over a given Lie 
algebroid. With the canonical module of {T*M)t^ at hand, they interpreted Koszul-Brylinski 
homology as a Lie algebroid cohomology. According to Kontsevich's formality theorem and 
Tsygan's chain formality theorem, the Hochschild cohomology and Hochschild homology of 
a star algebra are isomorphic to the Lichnerowicz-Poisson cohomology and Koszul-Brylinski 
homology of the underlying Poisson manifold. 

In the context of complex geometry, the semiclassical data associated to quantum com- 
plex manifolds are solutions of the Maurer-Cartan equation in the derived global sections 
RT {X , A*T X [1]) of the sheaf of graded Lie algebras A*TX[1] of polyvector fields on X, 
which, according to Kontsevich's formality theorem, classify the deformations of stacks of 
algebroids up to gauge transformations [HlISniES]- More precisely, a Maurer-Cartan element 
is an 

H = 7r + 9 + uje l]°'°(A'ri'°X) © fi°'i(A^ri'°X) © fi°'2(A°Ti'°X) 

(where fi°'P(A''T^'°X) denotes the space of A'^T^''^X- valued (0,j9)-forms on X) satisfying the 
following equations: 



Holomorphic Poisson bivector fields are special cases of such Maurer-Cartan elements, as are 
holomorphic (0, 2)-forms. For this reason, complex manifolds endowed with such a Maurer- 
Cartan element H will be called extended Poisson manifolds. In a recent paper [SU], one of 



duj + [uj, 9] = 0, 
d9+[uj,7i] + ^[9,9] =0, 



dn + [9, n] = 0, 
[7r,7r] = 0. 
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the authors studied the Koszul-Bryhnski homology of holomorphic Poisson manifolds, and 
established a duality on it using the general theory developed by Evens-Lu-Weinstein [12] . 

In this paper, in order to study the geometry of extended Poisson manifolds, we apply the 
Evens-Lu-Weinstein theory to complex Lie algebroids. Indeed, considering Maurer-Cartan 
elements as Hamiltonian operators (in the sense of [SB]) deforming a Lie bialgebroid [27], we 
define a complex Lie algebroid, which mimics the role played by the cotangent Lie algebroid 
in real Poisson geometry. It is not surprising that, for a holomorphic Poisson structure, this 
complex Lie algebroid is the derived Lie algebroid of the holomorphic cotangent Lie algebroid 
(T*X)^, i.e. the matched pair T^'^X ^ (r*X)^i'°) studied in [SUED]. Using this complex Lie 
algebroid, we introduce a Lichnerowicz-Poisson cohomology and a Koszul-Brylinski homology 
for extended Poisson manifolds, and study the relation between them. We extend the notion 
of coisotropic submanifolds of holomorphic Poisson manifolds to the "extended" setting. We 
give a criterion on the ellipticity of the complex Lie algebroid (in the sense of Block [1]) 
induced by a Maurer-Cartan element. And in the elliptic case, we obtain a duality, which we 
call Evens-Lu-Weinstein duality, on the Koszul-Brylinski homology groups. As was pointed 
out in [30] for the holomorphic Poisson case, this duality generalizes the Serre duality on 
Dolbeault cohomology. 

Note that, modulo gauge equivalences, our extended Poisson structures and Yekutieli's Pois- 
son deformations (see [53]) are equivalent. It would be interesting to explore the connection 
between our results on Poisson homology and Berest-Etingof-Ginzburg's [3]. It would also 
be interesting to investigate if one can extend the method in this paper to study the Bruhat- 
Poisson structures of Evens-Lu on flag varieties [TT] and the toric Poisson structures of Caine 
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2. Preliminaries 

2.1. Lie bialgebroids. A complex Lie algebroid [52] consists of a complex vector bundle 
A — )■ M, a bundle map a : A ^ T^M called anchor, and a Lie algebra bracket [-, ■] on the 
space of sections T{A) such that a induces a Lie algebra homomorphism from T{A) to Xc(M) 
and the Leibniz rule 

[ujv] = (^a{u)f^v + f[u,v] 
is satisfied for all / G C°°(M, C) and u,v eT{A). 

It is well-known that a Lie algebroid (A, [-,■], a) is equivalent to a Gerstenhaber algebra 
(T{A'A), a, [■, ■]) [33]. On the other hand, for a Lie algebroid structure on a vector bundle 
A, there is also a degree 1 derivation d of the graded commutative algebra (T{A'A*), A) such 
that = 0. The differential d is given by 

n 

{da){uo,Ui, ■■■,«„) = ^(-l)*a(Mi)a(Mo, ■ ■ ■ ,Ui,--- ,«„) 

1=0 

i<j 
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Indeed, a Lie algebroid structure on A is also equivalent to a differential graded algebra 
(r(AM*),A,rf). 

Let A — )• M be a complex vector bundle. Assume that A and its dual A* both carry 
Lie algebroid structures with anchor maps a : A — )■ TqM and a* : A* — )■ TcM, brackets on 
sections r ( A) ®cr( A) T{A) : u^v ^ [u,v] and r(A*)(8)cr(A*) T{A*) : a® (3 ^ 
and differentials d : r(AM*) ^ r(A'+M*) and 4 : r(AM) ^ r(A*+M). 

This pair of Lie algebroids {A, A*) is a Lie bialgebroid [2211271125] if (i* is a derivation of the 
Gerstenhaber algebra (T{A'A), A, [■, •]) or, equivalently, if is a derivation of the Gerstenhaber 
algebra (r(AM*), A, [■, -j^,). Since the bracket [■,■]* (resp. [■,■]) can be recovered from the 
derivation (resp. d), one is led to the following alternative definition. 

Proposition 2.1 ([33])- A Lie bialgebroid {A, A*) is equivalent to a differential Gerstenhaber 
algebra structure on (r(A*A), A, [■,■], (i*) (or, equivalently, on (r(AM*), A, [■,■]*, 

2.2. Hamiltonian operators. Let (A, A*) be a complex Lie bialgebroid, and H G r(A^y4). 
We now replace the differential : T{A'A) — > T{A*^^A) by a twist by H: 

: r(AM) ^ r(A*+iA), dS = d,u+[H,u]. (1) 

It follows from a simple verification that if H satisfies the Maurer-Cartan equation: 

d,H+l[H,H]=0, (2) 

then (d^)"^ = and (T^A'A), A, [■,■], d^) is again a differential Gerstenhaber algebra. Thus 
one obtains a Lie bialgebroid {A, A*jj). A solution H e r{A'^A) to Eq. (|2]) is called a Hamil- 
tonian operator [22]. The Lie algebroid structure on A*^ can be described explicitly: the 
anchor and the Lie bracket are given, respectively, by 

= a^ + aoH^ 

and 

[a,f3]f = + [a, 

Here 

[a,l3]H = LHi{a)P - Lm{p)a - d^{H\a)\P), 
for all a, /3 G T{A*). We shall use A*^ to denote such a Lie algebroid and call it the if-twisted 
Lie algebroid of A* . Thus we obtain the following theorem, which was first proved in [2^] by 
a different method. 

Theorem 2.2. If [A^A*) constitutes a Lie bialgebroid, and H G T{a'^A) is a Hamiltonian 
operator, then (A, A*fj) is a Lie bialgebroid. 

3. Maurer-Cartan elements 

3.L The Lie bialgebroid stemming from a complex manifold. We fix a complex 
manifold X of complex dimension n with almost complex structure J. We regard the tangent 
bundle TX as a real vector bundle over X. The complexification of TX is denoted TqX, 
namely: TcX = TX ® C. Similarly, T^X = T*X ® C. Let J : TcX T^X be the 
C-linear extension of the almost complex structure J, and T^'^X and T^'^X its +i and —i 
eigenbundles, respectively. We adopt the following notations: 

T^'^X = A^T^'^X ® A«T°'^X, 

(TP'^X)* = A^(T^'°X)* ® A«(T°'^X)*. 
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Consider the following two vector bundles which are obviously mutually dual: 

A = Ti'°X © (T^'^X)*, A* = T^'^X © (r^'°X)*. (3) 

We can endow A with a complex Lie algebroid structure. The anchor is the projection onto 
the first component: 

= h ^(dzj) = 0. 

The bracket of two sections of T^'^X is their bracket as vector fields; the bracket of any pair of 
sections of (T°'^X)* is zero; and the bracket of a holomorphic vector field (i.e. a holomorphic 
section of the holomorphic vector bundle T^'°X) and an anti-holomorphic 1-form (i.e. an 
anti-holomorphic section of the holomorphic vector bundle (T^'^X)*) is also zero. Thus 

Together with the Leibniz rule, the above three rules completely determine the bracket of 
any two arbitrary sections of A. Similarly, one endows A* with a complex Lie algebroid 
structure as well. It is simple to see that [A, A*) constitutes a Lie bialgebroid. Indeed A 
and A* are transversal Dirac structures of the Courant algebroid TcX © T^X, for they are 
the eigenbundles of the generalized complex structure on X induced by its complex manifold 
structure [T31[T5]. In the sequel we will use the symbols 

T^'^X M (T^'^X)* and T°'^X M (T^'^X)* (4) 

to refer to A and A* when seen as Lie algebroids |24j . 

Moreover, one has 

a''A= r'°X © (T°'^X)*, 

i+j=k 
i+j=k 

The Lie algebroid differentials associated to the Lie algebroid structures on A* and A are the 
usual d- and 5-operators, respectively: 

d, = d: fi°'^(r'°x) ^ fi°'^+^(r'°x), 

d = d: Q^'^{T^''X) l]^+i'°(T°'^X). 
3.2. Extended Poisson structures. 

Definition 3.1. An extended Poisson manifold (X, H) is a complex manifold X equipped 
with an H & r{A'^A) which is an Hamiltonian operator with respect to [A, A*), i.e. 

BH + l[H,H] = 0. (5) 

In this case, H is called an extended Poisson structure. 

Any H G V{/\^A) decomposes as 

H = Ti + e + u, 



5 



where vr G T{T^'^X), 9 G T{T^'^X ® (T^'^X)*) and u G T{{T^'^Xy). We will use the 
following notations to denote the bundle maps induced by natural contraction: 



Note that 9^ = -{9^)*. 

The following lemma is immediate. 



T^'^X T^'°X, 



Lemma 3.2. element H = iT + 9 + ujisan extended Poisson structure if and only if the 
following equations are satisfied: 

doj + [w, 9] = 0, (6) 
d9+[u,7i] + l[9,9]=0, (7) 
d7i+[9,n] = 0, (8) 
[7r,7r] = 0. (9) 

Remark 3.3. When only one of the three terms of H is not zero, we are left with one of the 
following three special cases: 

(a) H = TT is an extended Poisson if and only if ir is a holomorphic Poisson bivector field. 

(b) H = 9 is an extended Poisson if and only if 89 + ^ [9, 9] = 0. Moreover, if 9^ o 9^ — id 
is invertible, 9 is equivalent to a deformed complex structure [12] • 

(c) H = uj is an extended Poisson if and only if du = 0. 

In fact, if [uj, tc] = 0, Eq. implies that 9 defines a deformed complex structure (under the 
assumption that 9 o — id is invertible). Then, according to Lemma \3. 1 51 below, Eq. is 
equivalent to dgu = 0, where dg = d + [9, ■], and Eqs. ([H])-© rnean that n is a holomorphic 
Poisson tensor with respect to the deformed complex structure. 

Corollary 3.4. IfH = TX + 9 + uj is an extended Poisson structure, then so is 

\ti + 9 + A"^w, 

for any A G C^. In particular, 

H"^ = -71 + 9-00 

is an extended Poisson structure. 

Note that Maurer-Cartan elements as deformations of Lie bialgebroids or differential Ger- 
stenhaber algebras were already considered by Cleyton-Poon [TU] in their study of nilpotent 
complex structures on real six-dimensional nilpotent algebras. 

A natural question is: when will {A, A\j) arise from a generalized complex structure in the 
sense of Hitchin [inillS]? Let us recall the following: 

Lemma 3.5. (Lemma 6.1 in [2S]y' The graph {H'^^ + ^ E A ® A*} of H, which is clearly 
isomorphic to A*^ as a vector bundle, is the +i- (or —i-) eigenbundle of a generalized complex 
structure on X if and only if H o — id^* is invertible. Here the map H : A ^ A* is 
defined by 1t\u) = H^iu), Wu e A. 
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Again we let if = vr + ^ + w be an extended Poisson structure on X. Relatively to the 
direct sum decompositions of A and A*, the endomorphisms and H are represented by 
the block matrices 




In turn, we have 



Proposition 3.6. Given an extended Poisson manifold {X,H), let A = T^'^X ixi (T°'^X)*. 

Then A*fj is the -eigenbundle of a generalized complex structure if and only if H if" — id^i* 
is invertible. 

Example 3.7. If H = tt (i.e. H is a holomorphic Poisson bivector Geld) or H = uj, it is clear 
that H^H^ is zero. Hence, in these two situations, the extended Poisson structure on X is 
actually a generalized complex structure. 

Here is a simple example of extended Poisson structure, which does not arise from a gener- 
alized complex structure. 

Example 3.8. Consider the torus T = C/ (Z + iZ) with its standard complex structure. Let 
z be the standard coordinate on T. Obviously, any 

9 = f{z,z)£Adz, (11) 

where f is a smooth C-valued function, is an extended Poisson structure. In this case, 
H^H^ = Iff id. Hence Ag does not stem from a generalized complex structure provided that 
1/1 = 1- 

3.3. Elliptic Lie algebroids. As in we say that a complex Lie algebroid B is elliptic 

if ReoaB : B — > TX is surjective. Here as '■ B ^ TqX is the anchor map of B and 
Re : TqX — ^ TX is the projection onto the real part. 

Theorem 3.9 (||4]). If B is an elliptic Lie algebroid over a compact complex manifold X, 
and E a finite rank complex vector bundle with a B -action as in [12], then all cohomology 
groups H.*{B,E) are finite dimensional. 

It is therefore natural to ask when A*jj is elliptic. An easy calculation shows the following: 

Proposition 3.10. Let denote the anchor of A*fj and C : T^'^X — j- T^'°X the complex 
conjugation. The bundle maps Re oa^ and 

F={C +6^) © 7r» : T°'^X © (T^'°X)* ^ T^'^X, (12) 

and the isomorphism of real vector bundles Re : T^'^X — > TX fit into the commutative 
diagram 

T^'^X © (T^'OX)* (13) 



T^'OX ^ TX. 

As a consequence, A*j^ is an elliptic Lie algebroid if and only if F is surjective. 
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Example 3.11. When H = tt, or uj, it is clear that A*fj is eUiptic. On the other hand, if we 
consider the torus T endowed with the bivector field 9 of Exainple \3.8\ the Lie algebroid A*^ 
is elliptic if and only if f is not identically 1 . 

3.4. Poisson cohomology. 

Definition 3.12. Given an extended Poisson manifold {X,H), the cohomology of the Lie 
algebroid A*^ is called the Poisson cohomology of the extended Poisson structure, and 
denoted H'(JC,if). In other words, it is the cohomology of the cochain complex: 

■ ■ ■ A r(A^-A) A r(A^'+M) A ■ ■ ■ , (14) 
where V{A^A) = ©i+j=fcfiO'J(T^'OX) and = d + [H, ■]. 

Poisson cohomology is also called tangent cohomology by Kontsevich |21j . 
As an immediate consequence of Theorem 13.91 and Proposition 13.101 we have 

Corollary 3.13. If H is an extended Poisson structure on a compact complex manifold X 
and the map F (given by Eq. fll2p ) is surjective, then all Poisson cohomology groups are finite 
dimensional. 

Remark 3.14. When H is a holomorphic Poisson bivector field tt, the cochain complex (IT^ 
is the total complex of the double complex as discussed in Corollary 4.26 in |24j . 

On the other hand, ii H = 9 ^ f2°'^(T^'°X) is a Maurer-Cartan element such that 9^ o9^ — id 
is invertible, then 9 defines a new complex structure on X according to Kodaira [T^ . 

The following lemma can be verified directly. 

Lemma 3.15. Let H = 9 ^ ^l'^'^{T^''^X) be a Maurer-Cartan element such that 9^ o9^ — id is 
invertible. Then the Lie algebroid A*^ is isomorphic to T^'^X ixi (T^'^X)*, where Tg'^X and 
are, respectively, the +i and —i eigenbundles of the deformed almost complex structure 
Je : TX —J- TX. As a consequence, the differential operator in Eq. ([T]) is equal to dg, the 
new d-operator of the deformed complex structure. 

Thus we have 

Proposition 3.16. If H = 9 E Vt'^'^ {T^''^ X) is a Maurer-Cartan element such that 9^ 9^" — id 
is invertible, then 

YL\X,H) = ©,+,=fcff(X, A^T.X), 
where TgX denotes the holomorphic tangent bundle of the deformed complex manifold X. 

3.5. Coisotropic submanifolds. Suppose that V C X is a complex submanifold [12]. Set 

iyi'V = {^e (T^'°X|y)* s.t. {^\Y) = 0, VF G T^'^y] , 
and consider the subbundle K = T^^^Y © N^'^Y of A*. 

Definition 3.17. A complex submanifold Y of X is called coisotropic if H{u,v) = 0, for 
all u,v & K. 

Example 3.18. If H = it is a holomorphic Poisson bivector held, then Y is coisotropic 
if and only if it is coisotropic in the usual sense, i.e. 7i{C,i,C,2) = 0, V,^i,.^2 G N^''^Y , or 
ni{N^^OY) C T^fiY. 
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Example 3.19. If H = lo, then Y is coisotropic if and only if l*uj = 0, where l : Y X is 
the embedding map. 

Example 3.20. IfH = 9, then Y is coisotropic if and only if 9\T'^'^Y) C T^'^Y. 

It is well known that given a coisotropic submanifold C of a real Poisson manifold (P, vr), the 
conormal bundle NC = e T*P s.t. ceC; {^\X) = 0, WX e T^C} is a Lie subalgebroid of 
the cotangent Lie algebroid (T*P).„ [31]. The following proposition can be considered as an 
analogue of this fact in the extended Poisson setting. 

Proposition 3.21. Let Y be a coisotropic submanifold of the extended Poisson manifold 
{X, H). Then the vector subbundle K = T^'^Y © N'^'^Y is a Lie subalgebroid of A*jj. That 
is, maps K into TcY and for any smooth extensions u,v & r{A*fj) to X of any two 
sections u,v E T{K), the restriction to Y of [m, uj^f is a section of K which does not depend 
on the choice of extensions. 

3.6. Poisson relations. Following Weinstein [21], we introduce the following 

Definition 3.22. Let {Xi,Hi) and (X2,i/2) be extended Poisson manifolds. A Poisson 
relation from {X2, H2) to {Xi, Hi) is a coisotropic submanifold of the product manifold Xi x 
X2 (i.e. Xi X X2 endowed with the extended Poisson structure {Hi, H2), see Corollary \3.4\ ). 

We call a holomorphic map / : X2 — > Xi between extended Poisson manifolds {Xi, Hi) and 
{X2,H2) an extended Poisson map if its graph 

Gf = s.t. X G X2} CXixX^ 

is a Poisson relation. 

Proposition 3.23. Let {Xi,Hi) and {X2,H2) be extended Poisson manifolds, where the 
extended Poisson structures decompose as Hi = iXi + 9i + uji (i = 1,2). Then a holomorphic 
map f : X2 — > Xi is an extended Poisson map if and only if /*7r2 = tti; = UJ2; and 

f,od\ = e\of,. 

The proof is a direct verification and is left to the reader. As a consequence, we have 

Corollary 3.24. The composition of two extended Poisson maps is again an extended Pois- 
son map. 

4. Koszul-Brylinski Poisson homology 

In this section we will introduce homology groups for extended Poisson manifolds based on 
the Evens-Lu- Weinstein module of a Lie algebroid. 

4.1. Koszul-Brylinski cochain complex. First we recall the notion of Clifford algebras 
and spin representation. Let be a vector space of dimension n endowed with a non- 
degenerate symmetric bilinear form (-, ■). Its Clifford algebra C{y) is defined as the quotient 
of the tensor algebra ®1^qV®^ by the relations x ® y + y ® x = 2{x,y), with x,y E V. It 
is naturally an associative Z2-graded algebra. Up to isomorphisms, there exists a unique 
irreducible module S of C{V) called spin representation [H]. The vectors of 5* are called 
spinors. 
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An operator O on S* is called even (or of degree 0) if ©(S**) C and odd (or of degree 1) if 
0(5"*) C S^"^^. Here i G Z2. If Oi and O2 are operators of degree di and d2 respectively, then 
their commutator is the operator 

[Oi, O2J = Oi o O2 - (-1)'^^^^02 O Oi. 

Example 4.1. Let W be a vector space of dimension r. We can endow V = W ® W* with 
the non-degenerate pairing 

(ni+6,^2 + 6) = \ {il{u2)+Uui)), 

where Ui, U2 and ^1, ^2 ^ W* . The representation ofCiy) on S = ©^=9 ^ dehned by 
u ■ w = u A w and ^ ■ w = l^w, where u G W , ^ G W* and w E S, is the spin representation. 
Note that S is Z- and thus also Z2-graded. 

Recall that E = T^X © T^X admits the standard pseudo-metric 

(Xi +^1,^2 +6) = \[{il\X2) + 

where Xi G T^X and G T^X. The corresponding Clifford bundle C{E) can be identified 
with the vector bundle [A'TcX) ^ (A'T^X), under which the Clifford action of C{E) on the 
spinor bundle 

A'T^X = 0(TP'^X)* 

p,<i 

is given by 

(iy®O.A = (-l)^.M/(eAA). 
Here W G A^TqX, ^, A G A'T^X, and the symbol Lw denotes the standard contraction 

{lw^\X) = {^\WAX), 
for ^ G APT^X and X G Af-'^TcX with p>w. 

Let (X, Lf) be an extended Poisson manifold of complex dimension n. Then A*^^ is a Lie 
algebroid and the Evens-Lu-Weinstein module [12] of A*jj is the complex line bundle 

The representation of A*fj on Qaj^ is given by 

2n 

V^(ai A ■ ■ ■ A a2„ ® //) = ^ («! A ■ ■ ■ A [a, ai]f A ■ ■ ■ A a2„ ® /i) 

1=1 

+ «! A ■ ■ ■ A a2n © L^Hf^^)ii, 

where a, ai, ■ ■ ■ , a2n e r(A^), /i G r(A2"r^X). 

A simple computation yields that Qa*^ = A"(Ti'°X)* © A"(Ti'°X)*. Accordingly, 

1 

^ = ^ A"(r^'°x)* = (T"'°x)* 

is also an Aj^-module and we use V"^ again to denote the representation. Equivalently, we 
have an operator 

V" : r(^) ^r(A©^), (15) 

such that 

iaV"s = V^s, Va G r(A*),s G r(^). 
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which allows us to define a differential operator 

: r(A^A ® ^) ^ r(A'=+^A ® if) 

by 

df{u 0s) = (d^u) (g) s + (-l)^M A I^^s, (16) 
for all u G r(AM) and s G r(^). 

The following lemma is needed later. 
Lemma 4.2. The relation 

t{X (^s) = X ■ s, 

where in the r.h.s. X G /\^A is regarded as an element of the Clifford algebra C{E) and s G ^ 
is regarded as an element in A'T^X , defines an isomorphism of vector bundles 

i—i=n—k 

Equivalently, 

t({w m)®^) = {^-\f^iw{i As) = (-i)^+"('=-'")(.H/s) A e, 

for W G T'^'^X, ^ G (T0''^-"'X)* and s E ^. 

We define the inner product of G r(AM) with A G r(A*T^X) as 

LjjX = -H -X. 

This coincides with the usual inner product of bivector fields with differential forms. Intro- 
duce 

[d, LH\=d0LH-LH0d: T{^^T^X) ^ T{^^T^X). 

Let us denote VL'^'^{X) = r((T*'-' JC)*). The following theorem is the main result in this 
section. 

Theorem 4.3. The diagram 

T{^^A®^) ^T{^^+^A®^) (17) 

r 

commutes. 

Definition 4.4. The cohomology of the cochain complex (0j_j=„_;j f2*'-'(X), 9 + [(9, i/^-J) is 
called the Koszul-Brylinski Poisson homology of the extended Poisson manifold (X, H), 
and denoted H,(X,if). 

Remark 4.5. (a) If H = n is a holomorphic Poisson bivector Geld, the cochain com- 
plex {^i^j^n-j^Q^'^{X),d + [d,LH\) is the total complex of a double complex. Its 
cohomology is the usual Koszul-Brylinski Poisson homology of a holomorphic Poisson 
manifold, as studied in detail by one of the authors [3D] . 
(b) If H = u e fi°'2(X) with du = 0, the complex (e^.^-^^.^ 1]^'J(X), 9 + [d,LH\) 
becomes (0j_j=„_fc f2*'-'(X), 9 + {du)A). Its cohomology is the twisted Dolbeault 
cohomology. 
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(c) If H = 6 G ^l'^'^{T^'^X) is a Maurer-Cartan element such that 6 06''' — id is invertible, 
then 9 defines a new complex structure on X . According to Lemma l3.15l the cochain 
complex (0i_j-=^_fcfi*'J(X),(9 + [d,LH\) is isomorphic to (©^.^-^^.^ fig'^(X), Be), 
where dg is the d-Dolbeault operator of the deformed complex structure. As a con- 
sequence, we have B.k{X,9) = ©j_j=„_fcHg"'(X), where Hg"'(X) is the Dolbeault 
cohomology of the deformed complex structure. 



4.2. Evens-Lu-Weinstein duality. Consider a compact complex (and therefore orientable) 
manifold X with dime X = n, a, complex Lie algebroid B over X with rkc B = r. According 

to [12], the complex line bundle Qb = /\^B ® A^^T^X is a module over the complex Lie 

1 1 

algebroid B. If exists as a complex vector bundle, Q'^ becomes a 5- module as well. 
There is a natural map 

<P : T{A^B* ® Ql) ® Ti.A'-^B* ® Ql) T{A'B* ® Qb) = r(A'"T^X) 

Integrating, we get the pairing 

T{a''B* ®Qi)®T{A'-''B* (g)Qi) ^C, e®^^ / 0(e®^)- (18) 

Jx 

The following result is essentially due to Evens-Lu-Weinstein [12] for the pairing, and to 
Block [Ij for the non-degeneracy (see also |30j). 

Theorem 4.6. For a complex Lie algebroid B, with rkc B = r, over a compact manifold X , 
the pairing (ITHl) induces a pairing 

li\B,Ql)®W-\B,Qi) ^C. 
Moreover, if B is an elliptic Lie algebroid, this pairing is non-degenerate. 

Let {X, H) be a compact extended Poisson manifold of complex dimension n. Consider the 
Lie algebroid B = [T^'^X co [T^'^X)*)h- Applying Theorem 14.61 and Proposition I3.1UI we 
obtain 

Theorem 4.7. Let {X, H) be a compact extended Poisson manifold of complex dimension 
n, with H = Ti + 9 + u. Then the map 

Q''^ (X) ® Q'^HX) ^ C : C ® r] ^ f (C A r/)*"^ 

Jx 

induces a pairing on the Koszul-Brylinski Poisson homology: 

RkiX,H)(g)}i2n~k{X,H)^C. (19) 

Moreover, if the bundle map F = (C +6''')©7r'' mapsT'^'^X^iT^'^X)* surjectively onto T^'^X , 
then all homology groups B.,{X, H) are finite dimensional vector spaces and the pairing fITI?]) 
is non-degenerate. 
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4.3. Proof of Theorem 14.31 The foUowing lemmas are needed. 
Lemma 4.8. For any u E r(A^A), A G one has 

d{u ■ A) = (du) ■ A + {-lyu ■ dX. (20) 
Lemma 4.9. For any u G T{/\'pA), v G T{/\'^A), the Schouten bracket [u,v\ is determined by 

[u,v]-\ = {-iy+^[u,[v,d\\\ VAGfi'''(X). (21) 

Both lemmas can be proved by induction; this is left to the reader. 
Lemma 4.10. For any u G r(AM) and A G f2*'*(X), one has 

[9, lh\ {u-X) = [H,u]-\ + {-iru-{ [d, lh\ A). (22) 
In particular, for any smooth function f G C°°{X, C), one has 

[d,LH\ifX) = [HJ]-X + f[d,LH\X. (23) 

Proof. According to Eq. (ET]) . we have 
[H,u]-X={-iy+\H, [u,d\\X 

=(-1)^(m ■d{H-X)-H-u- (dX)) + {H ■ {d{u ■ A)) -d{u-H ■ A)) 
= (-l)^(u ■d{H-X)-u-H ■ {dX)) + {H ■ {d{u ■ A)) -d{H-u- A)) 
= - i-iyu ■ ( [d, lh\ A) + [d, ml (n • A). □ 

A straightforward (though lengthy) computation shows the following: 

Lemma 4.11. Suppose that {z^, . . . , z"") is a local holomorphic chart and H = n + 9 + u is 

given by 

H = T^'^'h ^il + ^filB^ dz'^ + ^kjdz'' A dz\ (24) 
where vr*'-', 6^, and Uk,i are complex valued smooth functions on X . Then the H -twisted Lie 
algebroid structure on A*^ = T^'^X © (T^'°X)* can be expressed by: 

^*iw) = W-(^'S^ a^{dz')=27r^''^i„ (25) 

[J,, = 2duj,„ [dz\ dz^]f = 2d7r^'^, [dz^, J,]f = dej. (26) 

Lemma 4.12. Making the same assumptions as in Lemma \4-ll\ consider the local section 

s = dz^ A--- Adz"" (27) 

1 

of ^ = Q\* . The representation of A*^ on ^ is given by 

Vl^ = -S^, Vi.. = 2f^.. (28) 



Proof. Using Eq. fl^ . we compute 



aH(^.dz^ = -del L j^dz^ = 0, 



'^a«{dzi)dz^ = 2d7r''l L^H^^^,)dz^ = 0. 



(29) 



Write 

' dz^ dz' 



s2 = c_9_ /\ . . . /\ 9 /\ c?^! A ■ ■ ■ A dz"") (g) {dz'^ A- ■ ■ Adz"^ Adz^ A- ■ ■ A dz'^). 
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Then, using Eqs. f l26p and fl29p . one obtains 

y _d_S - -Zg^S , \/^^iS - . 

dz' 

The conclusion thus follows immediately. □ 
Corollary 4.13. Locally, the operator in Eq. (1151) is given by 

^''^ = (2S^I^-S^^0®^' (30) 

where s is defined in Eq. (j27j) . 

We are now ready to prove Theorem 14.31 

Proof of Theorem |^.^ We adopt an inductive approach. First we prove the commutativity 
of Diagram ( 1T71) for A; = 0. 

Note that for any / G C°^(X, C), n G r{A^A) and s G r(^), one has 

rdfifu ® s) = r (/df (n ® s) + ((9/ + [if, /]) A u) ® s) by Eq. (US} 

= frdfiu ®s) + {df + [H, /]) ■ t{u ® s). 

On the other hand, if we write A = t{u ® s), one has 

= id+[d,LH\)ifX) 

=dfA\ + fd\ + [H, f]-\ + f[d, lh\\ by Eq. m 

=f{d + [9, lh\ )r{u ® s) + (9/ + [H, /]) ■ r(n ® s). 

It thus follows that the map t o d^ — {d + [9, i/^J) o r is C°°(JC)-linear. Take a local 
holomorphic chart [z^, . . . , z"') and write H locally as in Eq. in Lemma [4. Ill Again take 
s as in Eq. (12 7p . For k = 0, we have (i^s = V^s, which is given locally by Eq. (I30p . Then, 
we compute 



T{d^s) =(2^1, - gd^O ■ {dz' A ■ ■ ■ A rf^") 

n 

=2^(-l)*+^^dz^ A ■ ■ ■ A rf? A ■ ■ ■ A dz" - grf2* A A • • • A dz" 



azP dz^ dzP 

[—1)' ' '^^T^az' /\ ■ ■ ■ /\ az- /\ ■ ■ ■ A az'" — ^ 

Thus we have 

{d + [(9, 6/^J)s =dLH{dz' A--- Adz 



=9f 2^(-l)*+^-i7r*'-'dzi A ■ ■ ■ A rfz^ A ■ ■ ■ A rfzi A ■ ■ ■ A rfz" 

n 

+ ^(-1)"^^^^^^' A c/z^ A ■ ■ ■ A rf^ A ■ ■ ■ A c/z" 



- Uk^idz'' A dz'- A dz' A A dz" 

=r(rff^). 

It thus follows that Diagram ( ITTI) indeed commutes when = 



14 



Now assume that we have proved the commutativity of Diagram (fT7|) when k < m (where 
< m < 2n — 1). To prove the k = m + 1 case, we consider a section {u A w) ^ s G 
r(A™+M ® where u G T{A), w G T{A"'A) and s G r(if). Then 

0+ [d,LH\)T{{uAw)0s) 
= {d + [d, lh\){u ■ X) where A = w ■ s 

=du ■ \-u-d\+[H,u]- \ -u - {[d, inl A) by Eqs. (jSU]) and ([22]) 

=9^M- A-M- (9+ [d,LH\)X 

=T(^{d^u Aw) ® — u ■ rd^ {w ® s) by assumption 

=Tdf{{uAw) (g) s). 

This concludes the proof. □ 



4.4. Modular classes. The modular class of a Lie algebroid was introduced by Evens-Lu- 
Weinstein |T2]. The following version for complex Lie algebroids appeared in the arXiv 
version dgga/9610008 of [12] but not in the published paper. It is also implied in [Ej. The 
presentation which we give below was communicated to us by Camille Laurent- Gengoux [23] . 

Let 5 be a complex Lie algebroid over a real manifold M, with rkc B = r and dimM = m. 
Its Evens-Lu-Weinstein module is Qb = A^'B ® A^T^M. 

Consider the complex of sheaves 

where is the sheaf of nowhere vanishing smooth complex valued functions on M; S' is 
the sheaf of sections of A'B*; d^ is the usual Lie algebroid cohomology differential; and 
ds/ = dslog/ = ^y^, for all / G C°°{U,C^), where U is an arbitrary open subset of M. 

We denote its hyper cohomology by H*(i?,C). Note that in Eq. ( IHTl) . if we replace by 
iS°, the sheaf of smooth complex valued functions on M, and ds hj the usual Lie algebroid 
differential ds, the hypercohomology of the resulting complex of sheaves 

is isomorphic to the usual Lie algebroid cohomology H*(i?,C) of the complex Lie algebroid 
B with trivial coefficients C since each S' is a soft sheaf. The exponential sequence 

where S (resp. S) stands for the the complex of sheaves f l5^ (resp. flM]) ) and the locally 
constant sheaf Z is regarded as a complex of sheaves concentrated in degree 0, induces the 
long exact sequence 

> (M, Z) R\B, C) ff (5, C) ^ ff+^(M, Z) -> ■ ■ ■ 
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Note that H*(i?, C) can be computed as the total cohomology of the Cech double complex 

■■■ ■ ■ (33) 

S 5 S 

s s s 

S S 5 

C\U- ^ C\U; S^) C\U; S^) — ■ ■ ■ 

where lA = {Ui}^^^ is a good open cover of M and 6 is the usual Cech coboundary operator. 

Let {Ui)i^i be a good open cover of M, and Ui a nowhere vanishing section of over 
For all i,j G /, there exists a unique nowhere vanishing function fij G C°°{Uij, C^) such that 
Ui = fijOOj. It is clear from the construction that 

fijfjkfki 1- 

Let C,i G T{B*\u.) be the modular 1-form on Ui corresponding to Ui. That is, we have 
Vx^i = for all X G r{B\uJ, where V denotes the canonical representation of B on 

Qb of [12]. It thus follows that 

6 = + ^^T^ = + dsfij- 

As a consequence, (^j, fij) is a 1-cocycle of the double complex and therefore defines a 
class in R\BX)- 

Definition 4.14. T/ie c/ass in }i^{B,C) defined by [{C,i, fij)] is called the modular class of 
the complex Lie algebroid B, and denoted mod(S). 

Lemma 4.15. Consider the long exact sequence 

^ H^(5, C) ^ H^(5, C) ^ H2(M, Z) ^ ■ ■ ■ 

The image of the modular class mod(i?) under t is the first Chern class ci{Qb) ofQs- When 
ci{Qb) = 0, the modular class mod(-B) is the image of a class in H^(i?,C), which is defined 
exactly in the same way using a global nowhere vanishing section, as the usual modular class 
in [12]. 

A complex Lie algebroid B is said to be unimodular if its modular class vanishes. The 
following result follows immediately from Lemma 14.151 

Corollary 4.16. A complex Lie algebroid B is unimodular if and only if Ci{Qb) = and for 
any fixed nowhere vanishing section u G T{Qb), the modular section ^ G T{B*) defined by, 

VxOJ = {^\X)uj (VX G T{B)) 

is a coboundary, i.e. ^ = d^/ for some f G C°°{M,C) . 

As a consequence, a complex Lie algebroid B is unimodular if and only ii Qb is isomorphic 
to the trivial module C. 
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Proposition 4.17. When B = T^'^X tx\ A^'^ is the derived complex Lie algebroid [2^150] 
of a holomorphic Lie algebroid A over X , B is a unimodular complex Lie algebroid if and 
only if A is a unimodular holomorphic Lie algebroid, i.e. Qa is trivial as a holomorphic line 
bundle and there exists a holomorphic global section 00 of Qa such that V = for all 
X^A. 

Definition 4.18. An extended Poisson manifold {X,H) is unimodular if its corresponding 
complex Lie algebroid A*^^ is unimodular. 

According to Theorem 14. 3^ we have 

Proposition 4.19. An extended Poisson manifold {X,H) is unimodular if and only if there 
exists a nowhere vanishing {n,0)-form u G such that 

du + yd, iH\^ = du + dtfjOJ = 0. 

Remark 4.20. It is clear that, when H = 0, {X, H) is unimodular means that X is Calabi- 
Yau. Thus one can consider a unimodular extended Poisson manifold {X, H) as a generalized 
Calabi-Yau manifold. 

As an immediate consequence of the discussion above, we have 

Corollary 4.21. For any unimodular extended Poisson manifold {X, H) of complex dimen- 
sion n, we have 

}ik{X,H) ^ H"(X,if). 
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